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ABSTRACT
Many-body localization (MBL) is currently a hot issue of interacting systems, in which quantum mechanics overcomes ther-
malization of statistical mechanics. Like Anderson localization of non-interacting electrons, disorders are usually crucial
in engineering the quantum interference in MBL. For translation invariant systems, however, the breakdown of eigenstate
thermalization hypothesis due to a pure many-body quantum effect is still unclear. Here we demonstrate a possible MBL phe-
nomenon without disorder, which emerges in a lightly doped Hubbard model with very strong interaction. By means of density
matrix renormalization group numerical calculation on a two-leg ladder, we show that whereas a single hole can induce a very
heavy Nagaoka polaron, two or more holes will form bound pair/droplets which are all localized excitations with flat bands
at low energy densities. Consequently, MBL eigenstates of finite energy density can be constructed as composed of these
localized droplets spatially separated. We further identify the underlying mechanism for this MBL as due to a novel ‘Berry
phase’ of the doped Mott insulator, and show that by turning off this Berry phase either by increasing the anisotropy of the
model or by hand, an eigenstate transition from the MBL to a conventional quasiparticle phase can be realized.
Introduction
As one of the most intriguing quantum phenomena, Anderson localization1 predicts that noninteracting particles may become
localized in a disordered media by quantum interference. For interacting particles, the survival of Anderson localization,
which is now known as many-body localization (MBL), has been demonstrated by theories2–4 and numerical studies.5–12
A profound impact of MBL is that it prevents the thermalization of subsystems in violating the eigenstate thermalization
hypothesis (ETH),13–17 which represents a breakdown of quantum statistical mechanics. The MBL thus gives rise to the
possibility to realize phenomena forbidden by quantum statistical mechanics, and to provide the protection for quantum and
topological orders at finite temperatures.18–22
An important question is wether disorder is indispensable to MBL. Specifically, can MBL-like physics appear in a trans-
lation invariant system? This question has recently attracted a lot of effort and debate.23–31 A popular idea is to construct
a translation invariant system involving two species of locally interacting particles with a very large mass ratio. The heavy
particles move slowly and may dynamically generate an disordered potential to localize the light particles. Other ideas also
involve self-generating disordering effect by, e.g., thermal fluctuations and initial conditions. However, an MBL violating
ETH due to a pure many-body quantum effect has not been addressed so far, to our best knowledge.
In this work, we show the possibility that an MBL can emerge in a standard Hubbard model for electrons on a square lattice
two-leg ladder, which can be studied efficiently by density matrix renormalization group (DMRG) numerical algorithm.32
Such a system is a translation invariant Mott insulator at half-filling when the Hubbard U is reasonably large. We focus on an
extreme case with U very large as compared to the hopping integrals, such that when a single hole is injected, it can polarize
the neighboring spins to form a bound state called a ‘Nagaoka polaron’. Even though each Nagaoka polaron has a very large
effective mass, it still propagates coherently. However, it becomes unstable once two holes are doped into the system, which
form a tightly bound pair and get self-localized in real space. Three and four holes further form droplets, which are also well
localized with infinite degeneracy since each can be located anywhere in an infinitely long ladder. A many-body eigenstate
at a finite doping concentration can be then constructed by these multi-hole localized ‘islands’, which is of finite energy
density. As such, the charge sector of lightly doped Hubbard model with sufficiently large but finite U has an emergent MBL
violating ETH and with spontaneous translational symmetry breaking in finite energy-density states. Further, an eigenstate
phase transition to a conventional delocalized phase has been found by increasing the anisotropy of the hopping integrals of
the ladder or by turning off the so-called phase strings33,34 as the intrinsic Berry phase of the Hubbard model.
Many-body localization in the Hubbard model
Model
The Hamiltonian of the Hubbard model reads
ˆH =− ∑
〈i j〉,σ
ti j(c†iσ c jσ + c
†
jσ ciσ )+U ∑
i
ni↑ni↓, (1)
where c†iσ and ciσ are respectively the creation and annihilation operators of the electron on lattice site i with spin σ (= ↑,↓),
and niσ = c†iσ ciσ . And ti j is the hopping integral with 〈i j〉 denoting a pair of nearest-neighbor sites i and j, while U > 0 is the







Figure 1. A two-leg Hubbard ladder with a length L (= 6). The hopping amplitude along the legs (rungs) is denoted by tx
(ty), characterized by the anisotropic parameter β ≡ tx/ty with tx = 1. A strong Hubbard potential of U/tx = 256 will be taken
in this work.
In the present work, we focus on a special case of the two-leg ladder, in which ti j ≡ tx and ty, respectively, along the ladder
legs and rungs as illustrated in Fig. 1. In particular, we consider a strong coupling case with U/tx = 256 and use an open
boundary condition in the DMRG calculation. For convenience, tx = 1 is taken as the unit of energy with β ≡ tx/ty describing
the anisotropy of the ladder.
At half-filling, the system is a Mott insulator at a large U , and the ground state is spin singlet (S = 0) with a spin excitation
gap for any finite anisotropic parameter β . What we shall study is the behavior of holes doped into the Mott insulator. In the
following, we investigate the single hole doping first.
A single hole as a Nagaoka polaron
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Figure 2. (Color online) The phase diagram of the single-hole ground state can be determined by the first derivative of the
hole energy ε1h as a function of the anisotropic parameter β , which indicates a series of first-order eigenstate phase
transitions characterized by different total spins S. At β < β 1hc = 0.304, the single hole carries an S = 1/2 and forms a
conventional quasiparticle. For β > β 1hc , the hole polarizes its neighboring spins to form a high-spin bound state called
‘Nagaoka polaron’ with S > 1/2 (cf. Fig. 3). The dashed smooth curve indicates that a quasiparticle behavior is recovered in
the whole range of β of the so-called σ -Hubbard model, in which the phase string effect is turned off (see text).33,34
For a doped semiconductor, a doped hole is expected to be a conventional quasiparticle satisfying the Bloch theorem,
characterized by charge +e, spin S = 1/2 and a well-defined momentum with a renormalized mass. When a single hole is
injected into the half-filled two-leg ladder system, which is also gapped, the new ground state in general may have a total spin
S > 1/2 due to many-body effect. Figure 2 shows the phase diagram determined by the first derivative of the hole energy ε1h
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over the anisotropy β calculated by DMRG. Here ε1h ≡ E1h0 −E0h0 , where E0h0 (E1h0 ) is the ground state energy at half-filling
(one-hole-doping). Note that E0h0 is a smooth function of β .
As a function of β , a series of first-order jumps in ∂ε1h/∂β are exhibited in Fig. 2, where each S labels the total spin
of the corresponding ground state. Here, only in the strong rung case of β < β 1hc = 0.304, does the hole (holon) bind with a
spin-1/2 to form a conventional quasiparticle moving on the spin-singlet background (see below). At β > β 1hc , the total spin
of the ground state jumps from 1/2 to 5/2, then to 7/2, and further to 9/2, ..., through a sequence of first-order eigenstate
phase transitions signified by the discontinuities of ∂ε1h/∂β . (The total spin S of a ground state is identified by the condition
E0 = E0(Sz) for Sz = −S,−S+ 1, . . . ,S and E0 < E0(Sz) for |Sz| > S, where E0 is the full-Hilbert-space ground state energy
and E0(Sz) is the ground state energy in the subspace labelled by the total spin z-component Sz.)
Figure 3. (Color online) A typical profile of an S = 5/2 (with Sz = 5/2) Nagaoka polaron at β = 1/3, which is determined
by the hole-spin correlation function Chsi j . The radius of the red circle, indicating the magnitude of sˆzj at lattice site j, is
proportional to the value of Chsi j with a fixed hole position at i marked by the open circle.
By calculating the hole-spin correlation function Chsi j ≡ 〈nˆhi sˆ
z
j〉, where nˆhi = 1−ni↑−ni↓ and sˆ
z
i = (ni↑−ni↓)/2, we find that
Chsi j decays exponentially fast as the distance between lattice sites i and j is increased. A typical example is shown in Fig. 3 atβ = 1/3, where the spins near the hole get polarized and form a bound state with the hole, which carries a total spin S = 5/2
and Sz = 5/2 (totally there are 6-fold degenerate states). Such a hole-spin composite may be called a ‘Nagaoka polaron’ as
a reminiscence of the Nagaoka ferromagnetism35 induced by a single hole in the limit of U = ∞. Recently a doped hole as a
Nagaoka polaron has been also found in a one-dimensional extended t-J model.36
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Figure 4. (Color online) Main panel: the Nagaoka polaron energy ε1h with total spin S = 5/2 at β = 1/3 > β 1hc . The fitting
of Eq. (2) shows that teff = 5.82× 10−5tx and L0 = 11.97, indicating a substantial mass enhancement
m∗/m = (teff/tx)−1 = 1.718× 104. Inset: the comparison of ε1h at β = 1/3 and 1/4, respectively. The hole forms a
conventional quasiparticle (with S = 1/2) at β = 1/4 < β 1hc , with teff/tx = 0.489 or m∗/m ≃ 2.04.
Here we can further quantify the motion of the Nagaoka polaron by analyzing the hole energy ε1h. As shown in Fig. 4,
ε1h can be excellently fitted by
ε1h ≈ const.+pi2teff(L−L0)−2, (2)
where teff parameterizes a renormalized hopping integral for the Nagaoka polaron along the leg (with the bare hopping integral
tx = 1) and L0 accounts for the fact that the Nagaoka polaron has a finite size. It is instructive to compare Eq. (2) with the ground
state energy of a noninteracting free particle under an open boundary condition at large sample size L in a one-dimensional
chain, which follows ε1h ≈ const.+pi2tx(L+ 1)−2.
As shown in the inset of Fig. 4, ε1h at β = 1/4 < β 1hc can be fitted with teff/tx = 0.489, where the hole carries a spin-1/2.
By contrast, the effective teff/tx gets substantially reduced at β = 1/3 where the hole as a Nagaoka polaron carries an S = 5/2
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spin polarization (cf. Fig. 3). In the main panel of Fig. 4, the fitting shows that teff/tx = 5.82×10−5, which in turn means that
the effective mass of the S = 5/2 Nagaoka polaron is substantially enhanced by ∼ 104, as compared to that ∼ 2.04 at β = 1/4
for a conventional quasiparticle with S = 1/2. In other words, the ‘band’ for the S = 5/2 Nagaoka polaron becomes quite flat.
By contrast, the Nagaoka polaron phases shown in Fig. 2 disappear in the so-called σ -Hubbard model,34 as shown by
the dashed curve, where the doped hole remains a conventional quasiparticle throughout the accessible regime of β . This
σ -Hubbard model has been previously studied in Ref. 34, which differs from the Hubbard model by a Berry-like phase33
(phase string) as to be discussed in Sec. II E below. Such phase string effect is associated with the charge fluctuations (holons
and doublons) of the Hubbard model. Especially, the σ -Hubbard model is essentially the same as the Hubbard model at
half-filling due to the suppression of the charge fluctuations in the large-U limit, and therefore the nontrivial Berry-like phase
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Figure 5. (Color online) The binding of two holes at β = 2/5 > β 2hc (L = 60 and Sz = 0) with increasing DMRG accuracy,
i.e., increasing the number of states kept in DMRG from (a) to (c). Real-space distribution evolutions of spins (szx ≡ 〈sˆzx〉) and
holes (nhx ≡ 〈nˆhx〉) are shown here, where x denotes the lattice sites on one leg of the ladder (the values are the same at the two
sites of each rung). From (a) to (c), the two holes are initially located far apart and each polarizes some spins nearby to form
a Nagaoka polaron, which eventually bind together to form a localized two-hole bound state fully converged within the
machine precision (see text).
Pair localization
Now we consider two holes doped into the half-filled system. At β < β 1hc where each single hole is described by a conventional
spin-1/2 quasiparticle, no pairing between them is found, which simply remain two independent quasiparticles. However, a
strong binding between the two holes occurs when the single hole becomes an S > 1/2 Nagaoka polaron at β > β 1hc . Note
that the DMRG calculation shows the true transition point β 2hc = 0.287 . β 1hc = 0.304.
Let us focus on an example at β = 2/5 > β 2hc , where the S = 7/2 Nagaoka polaron becomes stable for the single hole
ground state (cf. Fig. 2). As illustrated in Fig. 5, when two holes are initially created far apart (with the total Sz = 0), each will
start to polarize its nearby spins to form a Nagaoka polaron separately with increasing the number of states kept in the DMRG
simulation. Then the two wave packets of the holes spread out very slowly. Finally they meet and bind together to form a
bound pair and during the process release some energy, i.e., the binding energy ε2hb = 0.0665. This whole converging process
in the DMRG calculation is clearly seen through the real-space distribution evolution of spins and holes, which eventually
converges in Fig. 5(c).
A further calculation verifies that the hole pair has a total spin S = 7 in the ground state of the above case, while other
S states are allowed in excited states. The hole pair in Fig. 5(c) actually has a 15-fold degeneracy due to the spin rotational
symmetry. Furthermore, the real space location of the hole pair is also arbitrary. Indeed, another degenerate hole pair with
S = 7 and Sz = 7 is shown in a different position in Fig. 6(a). Here the ground state degeneracy is accurate up to the machine
precision with the truncation error ∼ 10−16 in the DMRG calculation.
The final real-space hole density profile (nhi ≡ 〈nˆhi 〉) and spin density profile (szi ≡ 〈sˆzi 〉) of the hole pair are extremely ‘solid’
[Figs. 5(c) and 6(a)], which do not spread out in that the first eleven digits of the nhi and szi values are unchanged when we
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Figure 6. (Color online) (a) A converged two-hole bound state localized in a different place on the ladder as compared to
Fig. 5(c), with S = 7 and Sz = 7; (b) The collapsing of the localized bound pair profile at a smaller β (= 1/4); (c) The two
holes are always unpaired and remain mobile after turning off the phase string (cf. Sec. II E). The two-leg ladder length
L = 60.
However, once β < β 2hc = 0.287 or by turning off the phase string in the σ -Hubbard model34 (see Sec. II E), the pair
binding and localization simultaneously collapse, as shown in Figs. 6(b) and 6(c), respectively. In these cases, two holes
behave like two independent quasiparticles each with spin S = 1/2, which can be analyzed by a finite-size scaling similar to
the single hole case.
Many-body localization
What we have found above is that a single Nagaoka polaron is intrinsically unstable towards pairing if two holes are present.
What is surprising is that, instead of being mobile, such a hole pair seems to have a vanishing effective hopping integral (or a
divergent mass), as shown by the DMRG up to the machine precision. It suggests that two holes form a tightly bound object




















Figure 7. (Color online) (a) Real-space hole distribution nh of a 4-hole island is present at β = 2/5 and L = 60. (b) The
logarithmic scale plot indicates an exponential fall off of the density outside the island.
Now let us examine what happens when more than two holes are simultaneously present in the system, which are located
closely to each other. Not surprisingly, three doped holes are bound into a localized three-hole state, with a binding energy
ε3hb = 0.1408 at β = 2/5 as compared to three free Nagaoka polarons. Four holes also form a droplet in the ground state as
illustrated in Fig. 7. Here one may visualize first creating a pair of two-hole bound states, each of which is spatially localized as

















Figure 8. (Color online) (a) Real-space hole distribution nh of two spatially well separated 2-hole islands of an excited state
with β = 2/5 and L = 60. The two 2-hole islands will not further bind to form a 4-hole island in the DMRG calculation
within the machine precision (∼ 10−16). (b) The logarithmic scale plot indicates an exponential fall off of the density outside
the islands.
their kinetic energy without increasing the superexchange energy of spins. Thus they will experience an attractive interaction
to form a localized 4-hole bound state, whose binding energy ε4hb = 0.2169 > 2× ε2hb = 0.1330 at β = 2/5, accordingly. In
contrast, when a pair of two-hole bound states is initially created far apart, they will localize individually and constitute an
excited state, as shown in Fig. 8.






b are generally expected in the low-energy
eigenstates of the system. Each of such a localized n-hole bound state can be generally characterized by n, the number of
holes, and m, the number of polarized spins (with a total spin S = m/2), which may be called an ‘(n, m)-island’. The energy
of an (n, m)-island can be denoted by εn,m, which is independent of where the (n, m)-island is located. Namely it lives in
a ‘flat band’. As a result, the low-energy spectrum of the hole-doped system is a set of flat bands for the many-body charge
excitations as schematically shown in Fig. 9.
 x
 ε
Figure 9. (Color online) Schematic illustration of finite energy density states as the flat bands filled by localized
hole-islands in the charge sector. As an example, 14 holes (indicated by small white circles) are shown to form five islands
(each is denoted by an ellipse). An (n, m) flat band (indicated by a long horizontal line) accommodates only the degenerate
(n, m)-islands, where n is the number of holes and m the number of polarized spins, which never overlap in real space.
In this sense, the two-leg Hubbard system at large U with a suitable anisotropy β , is effectively integrable for the charge
sector, where an extensive set of local integrals of motion (LIOM) may be defined for the system by virtue of islands. Denote
the occupation number operator of an (n, m)-island centered at position x as nˆn,mx , which takes eigenvalues 0 and 1. The
corresponding effective Hamiltonian may be then written as
ˆHeff = ∑
x,n,m
εn,mnˆn,mx + · · · , (3)
where the first term describes spatially well separated islands and the second term [denoted by · · · in Eq. (3)] refers to
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attractive interactions between two or more islands when they are close to each other, which will lead to a new larger island
with a lowered energy. In particular, in the lowest energy states (ground states), one expects all the holes grouping into
a single phase-separated region as the largest island.37,38 But we emphasize that a many-body eigenstate as composed of
smaller localized hole droplets, which are well separated along the infinite ladder, remains stable as an excited state of finite
energy density according to the above numerical analysis. In other words, a vanishingly weak disorder will suffice to pin down
each hole island on the ladder since its spontaneous localization has been already verified up to the machine precision in our
DMRG calculation.
Therefore, {nˆn,mx } represents an extensive set of LIOM for the charge sector of the Hubbard ladder at finite energy densi-
ties. The LIOM constrain the dynamics of the system and break ergodicity underlying quantum statistical mechanics.15–17 The
system prevents a complete thermalization of any given subsystems of the charge sector and thus many-body localizes.39–43
Evidently, the present MBL is fundamentally different from the conventional disorder-sustained MBL discussed in the litera-
ture, in which a finite strength of disorder is required.
So far the MBL in the charge sector is analyzed based on the discovery of isolated hole islands as the ground states at
different hole numbers. A finite energy density state at a finite doping of holes can be constructed in terms of these localized
objects of flat bands. For all the above analysis, the effect of the spin excitations is not discussed. For example, the spins
surrounding a hole island can be further excited. As the total spin increases, the size of the island may also get increased. For a
sufficiently high energy density, these islands may finally overlap with each other. Whether delocalization of hole islands may
occur or not, namely, if there could exist a high energy density many-body mobility edge in the many-body energy spectrum,
will need further study.
Another kind of spin excitations involves that in the spin singlet background. As easily confirmed by numerical calcula-
tions, a spin triplet excitation in the background is usually delocalized with a large effective mass as the effective coupling
between spins (J = 4t2/U) is small. The exploration for the case of the simultaneous presence of hole doping and this kind
of spin excitations is beyond the reach of DMRG for the current system. Without considering the above self-localization, a
simple speculation for this case is that the system may be in quasi-MBL according to the theories involving heavy particles
(spins here) and light particles (holes here).23–25,30,31
Mechanism of the MBL: Phase string effect
As shown in Fig. 2 in the single hole case, all the Nagaoka polaron states (with S > 1/2) disappear in the so-called σ -Hubbard
model,34 in which only a conventional quasiparticle phase survives (cf. the smooth dashed curve in Fig. 2). We have also seen
that the localized bound pair of two holes collapses in the σ -Hubbard model [cf. Fig. 6(c)], where two conventional mobile
quasiparticles can be identified by a finite-size scaling. Furthermore, three-hole and four-hole droplets (islands) all disappear
in the σ -Hubbard model. In other words, the doped holes in the σ -Hubbard model will generally behave like conventional
quasiparticles.
Similarly the doped holes in the Hubbard model can also recover a quasiparticle behavior in the strong rung limit, with β
less than the corresponding critical point, i.e., β 1hc , β 2hc , ..., in the many-body eigenstates of the system with doping one hole,
two holes, etc.
In the following, we point out that such transitions from the MBL to the delocalized states of conventional quasiparticles
are all due to the fact that the phase string effect hidden in the Hubbard model gets either turned off or effectively ‘screened’
under different circumstances.
Specifically, the phase string effect in the bipartite Hubbard model is manifested in the partition function as follows:33 At





c W (c) , (4)
where the weight W (c)≥ 0 for any closed path c of displacements of holons (empty sites), doublons (doubly occupied sites)





which is determined by counting the total numbers of exchanges between the down spins and the holons, Nh↓ (c), and doublons,
Nd↓ (c), respectively, along the closed path c. On the other hand, τexc ≡ (−1)N
h
ex(c)+Ndex(c) is the Fermi sign structure involving
the usual exchange numbers between the holons, Nhex(c), and between the doublons, Ndex(c), respectively. By contrast, in the
σ -Hubbard model,34 the partition function simply reduces to
Zσ−Hubb = ∑
c
τexc W (c) (6)
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with τpsc ≡ 1. Here the σ -Hubbard model is realized by replacing c†iσ c jσ in the hopping term of the Hubbard model with
(1− niσ¯)c†iσ c jσ n jσ¯ + niσ¯ c
†
iσ c jσ (1− n jσ¯)+
σ(1− niσ¯)c†iσ c jσ (1− n jσ¯)+σniσ¯c
†
iσ c jσ n jσ¯ (7)
(where σ = ±1, σ¯ = −σ ). It differs from the Hubbard model only by inserting a σ factor in the last two terms, which
makes the phase string sign factor τpsc being eliminated in the partition function (6).33 The two terms with σ prefactors in
(7) describe exactly the exchanges between down spins and holons or doublons, respectively. Therefore, the phase string τpsc
solely captures the distinction between the Hubbard and σ -Hubbard models.
According to the above discussions, one can naturally conclude that τpsc plays the unique role responsible for the Nagaoka
polaron in the one-hole-doping case, and the MBL in finite-hole-doping cases. That is, in the Nagaoka polaron regime, a
single hole has to polarize its surrounding spins to eliminate the frustration of phase string to gain kinetic energy. Since the
effective mass of a Nagaoka polaron is already remarkably enhanced (e.g., ∼ 104 at β = 1/3), two or more of them will
have strong tendency to bind and form a localized profile, which cost negligible kinetic energy of the Nagaoka polarons but
gain important hopping energies for the individual holes within an enlarged profile of the new bound state. Similarly, τpsc can
also get effectively cancelled out at strong rung limit due to a tight binding of the holon with a spin-1/2 spinon to form a
quasiparticle.34
Finally, we note that in the large-U limit, the doublon excitations are actually suppressed, while the holons appear only
upon hole doping. Then the sign structure in Eq. (5) reduces to that of the t-J model44 with Nd↓ (c)→ 0. Previously the two-leg
t-J ladder has been studied45,46 by DMRG at t/J = 3 with β = 1, which corresponds to U/t = 12 in the present case (noting
J = 4t2/U). In this regime, the phase string sign structure of Eq. (5) is also shown to play a critical role,47–49 but the behaviors
of the single hole and the pairing of two holes are dramatically different from the present extremely large-U case. How the two
qualitative distinct pictures evolve into each other as a function of U will be an interesting subject to be explored elsewhere.
Conclusion
The two-leg large-U Hubbard ladder is a spin gapped Mott insulator at half-filling, regardless of the anisotropic parameter
β . We have shown in this work a possibility that a low density of holes doped into such a spin gapped (‘spin liquid’) system
may lead to MBL at low energy densities for a sufficiently large U (e.g., U/tx = 256 as considered here). Although the un-
derlying Hamiltonian is translation invariant, the eigenstates composed of localized hole-islands break translation invariance
spontaneously and have low but finite energy densities, whose entanglement entropies follow an area law as the spin back-
ground, which isolates the hole islands, is short-range entangled. These excited states violate the ETH as they are subject to
an extensive set of local integrals of motion.
Here it is the Berry phase of the doped Mott insulator, i.e., the phase string effect, that is responsible for the MBL.
[Physically, to understand such a problem in the Born-Oppenheimer approximation, one notes that the system is essentially
composed of heavy electrons (spins) and light charges (doped holes). Here the interaction between the heavy and light
particles involves not only the so-called no double occupancy constraint at large U/t, which is usually emphasized in the
literature, but also a singular Berry phase that the light particles experience, which is often omitted in the literature. The
present MBL is purely originated from the novel many-body quantum interference effect of such a Berry-like phase, with
the spin background lying in a pure quantum state without thermalization, which is thus fundamentally different from the
possible MBL proposed and discussed in the literature.23,30,31] The flat bands of charge droplets are self-trapping of holes by
polarizing the surrounding spins via phase strings. In contrast, once the phase string is artificially turned off in the so-called
σ -Hubbard model, the whole MBL phenomenon is gone. The delocalized quasiparticle state can be also recovered in the
strong rung limit of the Hubbard model via an eigenstate transition, where the phase string effect gets effectively ‘screened’
once a holon is tightly bound with an S = 1/2 spinon.
The Nagaoka polarons and the MBL are also expected to emerge in higher dimensions because the phase string effect, as
the underlying principle, exists irrespective of spatial dimensions.33,44 The models should be also gapped at half-filling. Thus,
the checkerboard Hubbard model50 and the Hubbard model on the 1/5-depleted square lattice51 in two dimensions are good
candidates. We also note that the Hubbard U is tunable for ultracold fermionic atoms in an optical lattice,52–55 which provides
a good experimental setting to observe the Nagaoka polaron and MBL studied here.
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